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ABSTRACT: We perform the path integral for a quark (antiquark) in the presence of an
external background chromo-electric SU(3) gauge field E%(x! = z) with arbitrary color
index a=1,2,...8 and obtain an exact non-perturbative expression for the generating func-
tional. The only nonzero field strength component considered is E* = F{§; which is allowed
to depend on a single spatial coordinate ' = x. We show that such a path integration is
possible even if one can not solve the Dirac equation in the presence of arbitrary space-
dependent potential. This result crucially depends on the validity of the shift conjecture
which has not yet been established. It may be possible to further explore this path integral

technique to study non-perturbative bound state formation.
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1 Introduction

In QED and in Newtonian gravity the potential (due to charge and mass respectively) is
inversely proportional to distance. However, the exact form of the potential due to color
charge is not known in QCD. This is a fundamental problem in physics. Quarks and gluons
which carry color charges are confined inside hadrons.

Lattice QCD simulation attempts to compute the form of the static potential between
quark and antiquark inside quarkonium [1, 2]. The static potential inside heavy quarkonia
can be approximated to be a Coulomb plus linear form [3]. However, the exact form
of the potential inside light ¢q mesons and inside other hadrons is expected to be quite
complicated. The long distance confinement physics is non-perturbative, and one can
not perform path integrations analytically. On the other hand the lattice QCD method
implements extensive numerical simulations and hence the physical picture is not as clear
as it could be if one had explicit analytic results. From this point of view path integration
in the presence of arbitrary space-dependent static color potential would be desirable.

In this paper we present an analytical method to perform the path integral for a quark
(antiquark) in the presence of arbitrary space-dependent static color potential Af(x)(=
— [dzE*(z)) with arbitrary color index a=1,2,...8 in SU(3). We show that such a path
integration is possible even if one can not solve the Dirac equation in the presence of
arbitrary space-dependent potential. This result crucially depends on the validity of the
shift conjecture which has not yet been established. Unlike QED, the above potential in
QCD is motivated because the color quark-antiquark potential may be one dimensional.
In particular we obtain the following exact non-perturbative expression for the generating
functional for a quark (antiquark) in the presence of arbitrary space-dependent static color



potential Al(z) = — [ dzE*(z):

ZIA]  [[dy] [dw]eifd%@j (@)(0jkP —gTfh A —~8um)y* (x)

Z[o] [[d][duet T i @) —m)vi (x)
i o ds 2 1 1
3 —is(m?—ie 249
exp{&T2 2 /dt d x/o 3_26 ( )[gAj(x) coth(gsAj(x))—gsg Aj(x)_g} }

J=1

(1.1)

The gauge invariant Aj;(z)’s are given by

Ay() = 01?590)0089(95), Ags(z) = Cl?fx)cos<2§ + 0(35)), cos?30(z) = 3(%2((5))

(1.2)

where Cy(z) = [E%(z)E*(z)] and Co(x) = [dapeE*(x)E®(z)E¢(x)]? are two independent
space-dependent casimir/gauge invariants in SU(3). The color indices a,b,c=1,2,...8.

We will present a derivation of eq. (1.1) in this paper. It may be possible to further
explore this path integral technique to study non-perturbative bound state formation, for
example, by studying various non-perturbative correlation functions.

2 Path integration with arbitrary space-dependent static color potential

The Lagrangian density for quark in a classical chromofield Aj, is given by

L= [0 p — gTfHA") —mdp] OF = &7 My[A] o* (2.1)

where p,, = % 82# is the momentum operator and Tfk is the generator in the fundamental

representation of gauge group SU(3) with a=1,2...8 and j,k = 1,2,3. The generating
functional is given by

Z[A] f[dlz] [dw]eifd‘la: I My [A]gF B Det[M[AH _ W (2.2)

Z0]  [[dy)[dp)e’ S 4 DMl vF T Det[M[O]

This gives
W = — LT {80 — 970 A2 — m2650] + LT (6, (4% — m? 2.3
= —5Tr (50 — TG A")" — m7d53] + 5 Tr [0 (p° — m7)] (2.3)
where
TrO = trDiractrcolor/dt/dx/dy/dz <tl<z| <yl <zlO0]z>y>|z>|t>.(24)
Eq. (2.3) can be written as

i [ ds is[(0;,p—gT % A%)2+LoHV TS FY,—5m2 +ie] is[0;5, (P2 —m?)+i
W =_ — Tr[e kP97 i 27 Lk 05k — " =mA)Fid) (9 5)
2 0 S



2.1 Suitable gauge choice for evaluation of this path integral

A physical quantity constructed from the arbitrary space-dependent static color potential

Al(z) = =0 /de“(x) (2.6)
may be expressed in terms of two space-dependent casimir/gauge invariants in SU(3)
Ci(z) = [E*(x)E*(z)], and, Cy(z) = [daE*(x)Eb(z)E(x)% (2.7)

However, it is not possible to perform the above path integration by directly using eq. (2.6)
in eq. (2.5). For this reason we use the gauge invariance argument. Since AZ(.%’) is not
gauge invariant we can work in a different gauge to obtain the same E®(z). For example,
if we choose

AS(t,x) = —6,0 B*(x)t (2.8)

then we reproduce the same chromo-electric field E%(x) as in eq. (2.6). Note that both the
equations (2.6) and (2.8) are related by a gauge transformation and reproduce the same
E*(x) but eq. (2.8) is preferred to do path integration because the ’t’ variable will allow
us to cast this as a harmonic oscillator problem. This is not possible by eq. (2.6). Hence
we can use eq. (2.8) instead of eq. (2.6) to perform path integration in the presence of
arbitrary space-dependent static color potential.

Using eq. (2.8) in (2.5) we find

d
W = trDlraCtrcolor/ s /dt/dm/dy/dz <t <zl <y| <z

e" is[—(8;,P1+9T5 B(2)t)?+8;x (55 —Dy —p2)+ign Oy T B () —6;,m>+ie] _ o150k (P —m )+ZE)]
2>y >z >t >. (2.9)

Inserting complete set of [p > states ([ dp [p >< p| = 1) as appropriate we obtain (we use
the normalization < ¢|p >= \/L—eiqp)

2
OOdS +0o0 +OO zs(p +p +m 7@6
(27‘1’) TrDlI‘aCTrCOIOI‘ dy dpy dp.e vorE dx [ dt
[< x| < tle" %dﬁﬂ“ B @00 i i Y TRE @y 5 | 5 k) (2.10)
S

To perform the Dirac trace we use the eigenvalues of the Dirac matrix

(VOVI)eigenvalues = ()\1, )\2, >‘3a )‘4) = (1, 1,—1, _1) (211)

and find

oods —+o00 +oo
W = . Z/ / dy/ /dpy/dp e is(pytpztm? _’5)/dm/dt

[Fl——] (2.12)

S




where

400 +o0 5,
s 1 (%k d a ra 2 on2
Fl:trcolor/ dx < £C|/ dt < t|623[ (=7 G HT5 B (@)D +0;kP5+Hig N T B ( |7f > |£C > .
—o0

—00

(2.13)

In the matrix notation we write the above equation as

oo +oo . 1d 21525
F = trcolor[/ dr < m\/ dt < t]eB=GaztaM@D Pt M@ 5 12 515 (2.14)
—00

—00

where

Mjy(w) = TSE(x). (2.15)

2.2 Trouble with the color trace evaluation in this path integral

Unlike the constant chromo-electric field case [5] it is not straight forward to take the color
trace by diagonalizing the color matrix TJ‘.IkE“(x) by an orthogonal matrix Ujj (). This is
because the orthogonal matrix Uji(x) is  dependent and does not commute with %. This
was not a problem for constant chromo-electric field E® case [5] because the orthogonal
matrix Uj, was space-time independent. This trouble was also not there in Schwinger
mechanism study in QED [6] because there are no colors in QED. This implies that as
long as the derivative operator % is present in the expression for F; we can not take the
color trace by diagonalizing the space-dependent color matrix M, (z) = T kE“( x) by an
orthogonal matrix Uj,(x). We will come back to this color trace issue later.

We note that since M (z) and t in eq. (2.14) commutes with each other one can not
1 d
igM () dx
is because M(z) and 7 do not commute with each other. To deal with the x-dependent

change the integration variable from ¢ to t/ via: t = t/ — in color space. This

color matrix M;j(x) and Ok 7= d we use the similarity transformation of ¢ in the color space

1 d 1 dd 1 dd
dz d

[t 4+ — igM( ) dx]ﬂk — [ei igM () tte:F'Lg]M(z) da E]jk (2‘16)

which gives

1 1

1d , dd 1 d
I:gM(l-)t + _d_]jk — [e igM (z) dz dt [e igM(z) dz dt gM( ) igM (x) dx
1 ax

d
dt

tle™ oM@ i 5y (2.17)

Using this in eq. (2.14) we find

+oo oo 1 da
F = trcolor[/ dr < x| / dt < t|e oM@ do ar
—0o0

(e o]

1 d
d

1 d.d d 1
eis[_[e igM (x) dx dth($)eigM(ac) x d

- i
tt]2+ﬁg+ig)\le igM (x) dx
__1 dd
¢ IM@ Tt > |1 >] . (2.18)
It can be seen that eq. (2.14) contains the product tM (z) which satisfies

t M(z) = M(z) t (2.19)



because M (x) is independent of ¢. However, when we change the variable

1 d
t=t — —— — 2.20
igM (x) dx (2:20)

we find

M(z) # M() t. (2.21)

Hence one can not change the variable ¢ by eq. (2.20) in (2.14). However, in eq. (2.18)
there is no product ¢ M(z) present. Hence we can change the integration variable ¢ to ¢’
via: t =t/ — m% in the color space in eq. (2.18). Since the ¢ integration limit is from
—00 to 400, the t' integration limit also remains from —oo to +oo. Hence we find from

eq. (2.18)

oo oo 1 d, 1
F, = treolor] dx < x] dt <t— ﬁdx |eigM @) s
—0o0
__ 1 _dd Ll d d 1 _d d
eis[i[e igM (z) dx dt gM(:v)e (ac) dx dt (t m € )} +p0+lg>\l€ zg]VI(x) dx dt M(m)ezglvl(x) dx dt}
e*z'gzv}(z)%%u _ ;i > |x >] . (2‘22)
igM (x) dx J

Using the similarity transformation of [t — 7 M(:v) dx] jk from eq. (2.16) we find from the

above equation

+oo +o0 1 d 1 4 d
F; = treolor] dr < x| dt <t — — | oM (=) da dt
—0o0 ( ) dx
1 _dd ii 1 44 i d L dd L a4
el‘s[_[e igM (x) dx dt gM(x)e'Lg]M(z ) dz dt o igM(x) dz dt ¢, 'Lg]M(z) dx dt] +p0+lg>\l€ igM (x) dx dt M( ) igM (x) dx dt}
,%ii 1 593
e igM(x) da dt t > |z > )
| ng( ) dx = >]j (2.23)
which gives
oo oo 1 d . . 2012042 1 d
F =tr dr < x dt < t—- & \isl—g® M (@)t +p+igh M ()] 14 _ @
: COlor[/oo | —00 igM (x) d$| e igM (x) dx
| >]jk (2.24)

It has to be remembered that eq. (2.24) is not valid if the ¢ integration limit was
finite [4]. Hence we must perform the ¢ integration from —oo to +oo in F; which we will
do later in the derivation.

Inserting complete set of |pg > states we find

+o00 +oo d ,
Fy=tr dr < x dt | d dpy <t — —|py >
= color[/ - ’ / / po/ po (.%') dx ’po
. o 1 d
< ph|e M @ELREHINM @] o iy T s | >
p0|6 |p0 p0| ng(a:) dx |$ ]Jk
_ %trcolor |:/ dm<x!/ /dpo/ ztpOe qM(x) dx < ‘613[ g? M2 ()t +p2+igh M () ]‘p// >
s
e_itpgeglsfio(@% |z > } . (2.25)
ik



The above equation contains % and hence we can not perform the color trace by diago-

nalizing the color matrix M;j(x) by an orthogonal matrix Uj(x).
Inserting complete sets of states as appropriate we find

+00 +oo
I = trcolor / dx / dx / dx" / dps / dpl, / dpl! / dpll < x|p, > / dt / dt’ / dt”

. RN . 2 2 2 A2
/ dpj / dplje’™™h < p,le” @ P |p < ph|t > < plla ><a’| < ¢/|eis-F MA@ AR High M (@)

/11

|t” > |x// > x//|pg > t”|p0 >< p”|69M ) A py |p/// > ~itPg < | >]jk- (2.26)

Since the matrix [< p”\eqM(w) ez [p >y, is inside the trace and is independent of < (it
depends on c-numbers p/ and p”), we can move it to the left. We find

+o0 +oo
F = trcolor / dx / dx’ / dpy / dpl, / dpl) / dp'e izps / dt / dt’ / dt”

. _ 1 _d _ 1 4 I Y R )
/dp{)/dpge”po <pg\esM(x) P Ipl >< pele M@ dwpo\p; > e ol eIy

”t” 1

T 220 N2 2 11 _ _
< t/‘ezs[ g M? (2" )2 +pg+igh M ()] ’t/l > ez:v pxezp e ztpOe ixpl) ]jk- (227)

The matrix [< pZ| ¢ TG =P |p >];i is also independent of z. This can be shown as

follows
d
<) gl = [ [ao [t <pilel > <ol f@)la" > <o > <l | >
/dm' —i' e =p) f(2")ip! (2.28)

which is independent of x and %. Hence all the expressions in eq. (2.27) are independent of
T except em(prpg’) This implies that we can easily perform the x integration in eq. (2.27)

/11

by using [ du e Pe=pz') = 978, — p”')) to obtain
(P

400
F = tI‘Color /dw /dpx/dpx/dp / dt/dt,/dt/,/dpo/dp

e“po < pg’emapo ‘pz > pm‘e_mapo ’p/ > e_lpot
TP < ff| sl g MA@ NP N M )] g1, in'Pl Gt o —ithl) (2.29)
As advocated earlier in eq. (2 24) we must integrate over t from —oo to +o00 in Fj. Since
< t!|etsl=g M2 (@) +p5+igh M (2] |1~ g independent of ¢ variable (it depends on ¢ and ¢”
variables) all the expressions in eq. (2.29) are independent of ¢ except e(Po=P0). Hence we

can easily integrate over ¢ (by using fj;o dt ¢Po=Pt) = 275(ply — plt)) to obtain

trcolor / dx’ / dp, / dpx / dp / dt’ / dt” / dpo

<p”\eqM<x) dxp()\p >< pale Do) dxp()\p > e~ Po!
e—zx Pl <t |ezs g*M? (2" )t +pE+igh M (z )]|t” > em/pgezpot”]jk. (230)



Since [ dpy|py >< pz| =1 we find from the above equation

1 / / / " /) —it'p!
Fi = rsgtread [ [as, [ [ar [ s

< t/’eis[—g2M2(x’)t2+ﬁ(2)+ig)\LM(aﬂ’)} ‘t” N eit//p6]jk- (231)

2.3 Evaluation of the color trace

As the above equation does not contain any derivative % operator we can perform the
color trace by diagonalizing the space-dependent color matrix M (x) by a space-dependent
orthogonal matrix Uji(x). In the fundamental representation the matrix M (z) has three

eigenvalues:

[Mjk(x)]eigenvalues = [ ]qua(x)]eigenvalues = (Al (,I), A2(x), A3($)) (232)

Evaluating the traces of M (z), Mfk(x) and Mj’k(az) we find

Al(x) + Ag(x) + A3($) = 0,

K@) + () + A3 () = ZELEE),
A (2) + A3(a) + AR(2) = a2 (2) B (2) B ()] (2.39)

the solution of which is given by eq. (1.2).
Using the eigenvalues of Mj(x) from eq. (1.2) we perform the color trace in eq. (2.31)
and find

3

_ 1 / " /1 —it'p]
= Gy ;[/ dx/ dpx/ a / o / dpoe 0

1

- t/|eis[—g2A§(z)t2+ﬁ%+igAzAj(x)]|t// > ''Po]. (2.34)

Since the eigenvalues A;’s are c-numbers, the above equation involves one harmonic

oscillator

BwQ(aﬂ)tz + %ﬁ%] In >= (n + %)w(w)ln > (2.35)

with space-dependent frequency w(x). The harmonic oscillator wave function

w(z)\ V4 1 _w(@) 2
<tln>=wn<t)=< ()) ( )I/QHn(t\/w(:c))e & (2.36)

T 2nn

with space dependent frequency w(z) is normalized,

/dt| <tn> =1, (2.37)



where H,, is the Hermite polynomial. Inserting complete set of harmonic oscillator states
(by using >, |n >< n|=1) in eq. (2.34) we find

= QZZ/dx/dpx/dt /dt”/dp e it'Po <t|n>e® s[gAj (z)(2n+1)+gA A ()]

j=1 n

3
VN 1 1
! it'"py /d /d x/dt ¢ 2 —sgh\Aj(x)
<nlt">e 27 Z:: o [<tln>]"e 2 sinh(sgA;(x))

d e on M) 9.38
trColor/ x/ pxsmh ng( ))]jk ( . )

where we have used eq. (2.37). The Lorentz force equation: d;xdpt = gT7% F* (x)dz,, of

the quark in color space becomes (when E?(z) is along the z-axis, eq. (2.8))
Sjkdpz = 915, B (x)dt = gMji(z)dt. (2.39)

Implementing this in eq. (2.38) we find

sg)\lA~(:v)
4712/ /dt smh sgA () (240)

2.4 The generating functional

Using the above expression of Fj in eq. (2.12) we obtain

.43 s , —sghij(x)
? ds 3 2 —is(;o2 +m2—ie) gAJ (1’)6 IR 1
= — — —— 2.41
o 2 ]Zzl/o o fafae [ dpret sinh(sgh; (@) 5] &4V

where p2T = pz + p2. Summing over [, by using the eigenvalues ();) of the Dirac matrix

04! from eq. (2.11) and integrating over pr we find

Z / dt / &z / 4 —is(m?—ic) [gA( ) coth(gsA;(x)) _—} (2.42)

This equation is dlvergent as s — 0. This ultraviolet divergence can be removed by charge
cosh(sgA;(x))

renormalization [7] by subtracting also the term linear in s in the expansion of Sh(sgA. (@)

Hence after renormalization we obtain
°°d 1
E /dt/d3 / > pis(m?—ie) [gA (x) coth(gsAj(x ))——592A2( )— ] (2.43)
s

Using eq. (2.43) in (2.2) we find the following expression for the generating functional
of quark (antiquark) in the presence of arbitrary space-dependent static color potential
Al(z) = — [ dzE*(x) with arbitrary color index a=1,2,...8 in SU(3),

Z1A] _ Jldd)dple’ ] ¥ @0 ~gTi A byt @)
20] J[d)[dp]et [ @2 @)@ —m)vi (z)

eXp{ Z/ it [ [ gh (o) coth(gsh, ()~ g0t A )_ﬂ}

(2.44)




which reproduces eq. (1.1). The gauge invariant expressions for Aj(x)’s are given in
eq. (1.2).

3 Conclusion

To conclude we have performed the path integral for a quark (antiquark) in the presence
of arbitrary space-dependent static color potential A%(x)(= — [ dxE®(x)) with arbitrary
color index a=1,2,...8. We have shown that such a path integration is possible even if one
can not solve the Dirac equation in the presence of arbitrary space-dependent potential.
In particular we have obtained an exact expression of the non-perturbative generating
functional of quark (antiquark) in the presence of arbitrary space-dependent color potential
Al(z)(= — [ dzE*(z)) with arbitrary color index a=1,2,...8 in SU(3). This result crucially
depends on the validity of the shift conjecture which has not yet been established.

It may be possible to further explore this path integral technique to study non-
perturbative bound state formation, for example, by studying various non-perturbative
correlation functions.
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