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1 Introduction

In QED and in Newtonian gravity the potential (due to charge and mass respectively) is

inversely proportional to distance. However, the exact form of the potential due to color

charge is not known in QCD. This is a fundamental problem in physics. Quarks and gluons

which carry color charges are confined inside hadrons.

Lattice QCD simulation attempts to compute the form of the static potential between

quark and antiquark inside quarkonium [1, 2]. The static potential inside heavy quarkonia

can be approximated to be a Coulomb plus linear form [3]. However, the exact form

of the potential inside light qq̄ mesons and inside other hadrons is expected to be quite

complicated. The long distance confinement physics is non-perturbative, and one can

not perform path integrations analytically. On the other hand the lattice QCD method

implements extensive numerical simulations and hence the physical picture is not as clear

as it could be if one had explicit analytic results. From this point of view path integration

in the presence of arbitrary space-dependent static color potential would be desirable.

In this paper we present an analytical method to perform the path integral for a quark

(antiquark) in the presence of arbitrary space-dependent static color potential Aa0(x)(=

−
∫

dxEa(x)) with arbitrary color index a=1,2,. . . 8 in SU(3). We show that such a path

integration is possible even if one can not solve the Dirac equation in the presence of

arbitrary space-dependent potential. This result crucially depends on the validity of the

shift conjecture which has not yet been established. Unlike QED, the above potential in

QCD is motivated because the color quark-antiquark potential may be one dimensional.

In particular we obtain the following exact non-perturbative expression for the generating

functional for a quark (antiquark) in the presence of arbitrary space-dependent static color
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potential Aa0(x) = −
∫

dxEa(x):

Z[A]

Z[0]
=

∫

[dψ̄][dψ]ei
R

d4xψ̄j(x)(δjk p̂/ −gTa
jkA/

a−δjkm)ψk(x)

∫

[dψ̄][dψ]ei
R

d4xψ̄j(x)(p̂/ −m)ψj(x)
=

exp

{

i

8π2

3
∑

j=1

∫

dt

∫

d3x

∫ ∞

0

ds

s2
e−is(m

2−iǫ)
[

gΛj(x) coth(gsΛj(x))−
1

3
sg2Λ2

j(x)−
1

s

]}

.

(1.1)

The gauge invariant Λj(x)’s are given by

Λ1(x) =

√

C1(x)

3
cosθ(x), Λ2,3(x) =

√

C1(x)

3
cos

(

2π

3
± θ(x)

)

, cos23θ(x) =
3C2(x)

C3
1 (x)

(1.2)

where C1(x) = [Ea(x)Ea(x)] and C2(x) = [dabcE
a(x)Eb(x)Ec(x)]2 are two independent

space-dependent casimir/gauge invariants in SU(3). The color indices a, b, c=1,2,. . . 8.

We will present a derivation of eq. (1.1) in this paper. It may be possible to further

explore this path integral technique to study non-perturbative bound state formation, for

example, by studying various non-perturbative correlation functions.

2 Path integration with arbitrary space-dependent static color potential

The Lagrangian density for quark in a classical chromofield Aaµ is given by

L = ψ̄j [(δjk p̂/ − gT ajkA/
a) −mδjk] ψ

k = ψ̄j Mjk[A] ψk (2.1)

where p̂µ = 1
i
∂
∂xµ is the momentum operator and T ajk is the generator in the fundamental

representation of gauge group SU(3) with a=1,2. . . 8 and j, k = 1,2,3. The generating

functional is given by

Z[A]

Z[0]
=

∫

[dψ̄][dψ]ei
R

d4x ψ̄jMjk[A]ψk

∫

[dψ̄][dψ]ei
R

d4x ψ̄jMjk [0] ψk
=

Det[M[A]]

Det[M[0]]
= eiW . (2.2)

This gives

W = −
i

2
Tr ln[(δjkp̂/− gT ajkA/

a)2 −m2δjk] +
i

2
Tr ln[δjk(p̂

2 −m2)] (2.3)

where

TrO = trDiractrcolor

∫

dt

∫

dx

∫

dy

∫

dz < t| < x| < y| < z|O|z > |y > |x > |t > . (2.4)

Eq. (2.3) can be written as

W =
i

2

∫ ∞

0

ds

s
Tr[eis[(δjk p̂−gTa

jk
Aa)2+ g

2
σµνTa

jk
F a

µν−δjkm
2+iǫ] − eis[δjk(p̂2−m2)+iǫ]]. (2.5)
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2.1 Suitable gauge choice for evaluation of this path integral

A physical quantity constructed from the arbitrary space-dependent static color potential

Aaµ(x) = −δµ0

∫

dxEa(x) (2.6)

may be expressed in terms of two space-dependent casimir/gauge invariants in SU(3)

C1(x) = [Ea(x)Ea(x)], and, C2(x) = [dabcE
a(x)Eb(x)Ec(x)]2. (2.7)

However, it is not possible to perform the above path integration by directly using eq. (2.6)

in eq. (2.5). For this reason we use the gauge invariance argument. Since Aaµ(x) is not

gauge invariant we can work in a different gauge to obtain the same Ea(x). For example,

if we choose

Aaµ(t, x) = −δµ1E
a(x)t (2.8)

then we reproduce the same chromo-electric field Ea(x) as in eq. (2.6). Note that both the

equations (2.6) and (2.8) are related by a gauge transformation and reproduce the same

Ea(x) but eq. (2.8) is preferred to do path integration because the ’t’ variable will allow

us to cast this as a harmonic oscillator problem. This is not possible by eq. (2.6). Hence

we can use eq. (2.8) instead of eq. (2.6) to perform path integration in the presence of

arbitrary space-dependent static color potential.

Using eq. (2.8) in (2.5) we find

W =
i

2
trDiractrcolor

∫ ∞

0

ds

s

∫

dt

∫

dx

∫

dy

∫

dz < t| < x| < y| < z|

[eis[−(δjk p̂1+gT
a
jkE(x)t)2+δjk(p̂20−p̂2y−p̂2z)+igγ0γ1Ta

jkE
a(x)−δjkm

2+iǫ] − eis(δjk(p̂2−m2)+iǫ)]

|z > |y > |x > |t > . (2.9)

Inserting complete set of |p > states (
∫

dp |p >< p| = 1) as appropriate we obtain (we use

the normalization < q|p >= 1√
2π
eiqp)

W =
i

2(2π)2
TrDiracTrcolor[

∫ ∞

0

ds

s

∫ +∞

−∞
dy

∫ +∞

−∞
dz

∫

dpy

∫

dpze
−is(p2y+p2z+m2−iǫ)

∫

dx

∫

dt

[< x| < t|eis[−(
δjk

i
d

dx
+gTa

jkE
a(x)t)2+δjk p̂

2
0+igγ

0γ1Ta
jkE

a(x)]|t > |x > −
δjk
s

]]. (2.10)

To perform the Dirac trace we use the eigenvalues of the Dirac matrix

(γ0γ1)eigenvalues = (λ1, λ2, λ3, λ4) = (1, 1,−1,−1) (2.11)

and find

W =
i

2(2π)2

4
∑

l=1

∫ ∞

0

ds

s

∫ +∞

−∞
dy

∫ +∞

−∞
dz

∫

dpy

∫

dpze
−is(p2y+p2z+m2−iǫ)

∫

dx

∫

dt

[

Fl−
3

s

]

, (2.12)
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where

Fl=trcolor

∫ +∞

−∞
dx < x|

∫ +∞

−∞
dt < t|eis[−(

δjk
i

d
dx

+gTa
jkE

a(x)t)2+δjk p̂
2
0+igλlT

a
jkE

a(x)]|t > |x > .

(2.13)

In the matrix notation we write the above equation as

Fl = trcolor[

∫ +∞

−∞
dx < x|

∫ +∞

−∞
dt < t|eis[−( 1

i
d

dx
+gM(x)t)2+p̂20+igλlM(x)]|t > |x >]jk (2.14)

where

Mjk(x) = T ajkE
a(x). (2.15)

2.2 Trouble with the color trace evaluation in this path integral

Unlike the constant chromo-electric field case [5] it is not straight forward to take the color

trace by diagonalizing the color matrix T ajkE
a(x) by an orthogonal matrix Ujk(x). This is

because the orthogonal matrix Ujk(x) is x dependent and does not commute with d
dx . This

was not a problem for constant chromo-electric field Ea case [5] because the orthogonal

matrix Ujk was space-time independent. This trouble was also not there in Schwinger

mechanism study in QED [6] because there are no colors in QED. This implies that as

long as the derivative operator d
dx is present in the expression for Fl we can not take the

color trace by diagonalizing the space-dependent color matrix Mjk(x) = T ajkE
a(x) by an

orthogonal matrix Ujk(x). We will come back to this color trace issue later.

We note that since M(x) and t in eq. (2.14) commutes with each other one can not

change the integration variable from t to t′ via: t = t′ − 1
igM(x)

d
dx in color space. This

is because M(x) and d
dx do not commute with each other. To deal with the x-dependent

color matrix Mjk(x) and δjk
d
dx we use the similarity transformation of t in the color space

[t±
1

igM(x)

d

dx
]jk = [e

± 1
igM(x)

d
dx

d
dt te

∓ 1
igM(x)

d
dx

d
dt ]jk (2.16)

which gives

[gM(x)t +
1

i

d

dx
]jk = [e

1
igM(x)

d
dx

d
dt [e

− 1
igM(x)

d
dx

d
dt gM(x)e

1
igM(x)

d
dx

d
dt t]e

− 1
igM(x)

d
dx

d
dt ]jk.(2.17)

Using this in eq. (2.14) we find

Fl = trcolor[

∫ +∞

−∞
dx < x|

∫ +∞

−∞
dt < t|e

1
igM(x)

d
dx

d
dt

eis[−[e
−

1
igM(x)

d
dx

d
dt gM(x)e

1
igM(x)

d
dx

d
dt t]2+p̂20+igλle

−
1

igM(x)
d

dx
d
dtM(x)e

1
igM(x)

d
dx

d
dt ]

e
− 1

igM(x)
d

dx
d
dt |t > |x >]jk. (2.18)

It can be seen that eq. (2.14) contains the product tM(x) which satisfies

t M(x) = M(x) t (2.19)
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because M(x) is independent of t. However, when we change the variable

t = t′ −
1

igM(x)

d

dx
(2.20)

we find

t M(x) 6= M(x) t. (2.21)

Hence one can not change the variable t by eq. (2.20) in (2.14). However, in eq. (2.18)

there is no product t M(x) present. Hence we can change the integration variable t to t′

via: t = t′ − 1
igM(x)

d
dx in the color space in eq. (2.18). Since the t integration limit is from

−∞ to +∞, the t′ integration limit also remains from −∞ to +∞. Hence we find from

eq. (2.18)

Fl = trcolor[

∫ +∞

−∞
dx < x|

∫ +∞

−∞
dt < t−

1

igM(x)

d

dx
|e

1
igM(x)

d
dx

d
dt

e
is[−[e

−
1

igM(x)
d

dx
d
dt gM(x)e

1
igM(x)

d
dx

d
dt (t− 1

igM(x)
d

dx
)]2+p̂20+igλle

−
1

igM(x)
d

dx
d
dtM(x)e

1
igM(x)

d
dx

d
dt ]

e
− 1

igM(x)
d

dx
d
dt |t−

1

igM(x)

d

dx
> |x >]jk. (2.22)

Using the similarity transformation of [t − 1
igM(x)

d
dx ]jk from eq. (2.16) we find from the

above equation

Fl = trcolor[

∫ +∞

−∞
dx < x|

∫ +∞

−∞
dt < t−

1

igM(x)

d

dx
|e

1
igM(x)

d
dx

d
dt

eis[−[e
−

1
igM(x)

d
dx

d
dt gM(x)e

1
igM(x)

d
dx

d
dt e

−
1

igM(x)
d

dx
d
dt te

1
igM(x)

d
dx

d
dt ]2+p̂20+igλle

−
1

igM(x)
d

dx
d
dtM(x)e

1
igM(x)

d
dx

d
dt ]

e
− 1

igM(x)
d

dx
d
dt |t−

1

igM(x)

d

dx
> |x >]jk (2.23)

which gives

Fl = trcolor[

∫ +∞

−∞
dx < x|

∫ +∞

−∞
dt < t−

1

igM(x)

d

dx
|eis[−g

2M2(x)t2+p̂20+igλlM(x)]|t−
1

igM(x)

d

dx
>

|x >]jk. (2.24)

It has to be remembered that eq. (2.24) is not valid if the t integration limit was

finite [4]. Hence we must perform the t integration from −∞ to +∞ in Fl which we will

do later in the derivation.

Inserting complete set of |p0 > states we find

Fl = trcolor[

∫ +∞

−∞
dx < x|

∫ +∞

−∞
dt

∫

dp′0

∫

dp′′0 < t−
1

igM(x)

d

dx
|p′0 >

< p′0|e
is[−g2M2(x)t2+p̂20+igλlM(x)]|p′′0 >< p′′0|t−

1

igM(x)

d

dx
> |x >]jk

=
1

2π
trcolor

[
∫ +∞

−∞
dx<x|

∫ +∞

−∞
dt

∫

dp′0

∫

dp′′0e
itp′0e

− p′0
gM(x)

d
dx < p′0|e

is[−g2M2(x)t2+p̂20+igλlM(x)]|p′′0 >

e−itp
′′

0 e
p′′0

gM(x)
d

dx |x >

]

jk

. (2.25)
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The above equation contains d
dx and hence we can not perform the color trace by diago-

nalizing the color matrix Mjk(x) by an orthogonal matrix Ujk(x).

Inserting complete sets of states as appropriate we find

Fl =
1

2π
trcolor[

∫ +∞

−∞
dx

∫

dx′
∫

dx′′
∫

dpx

∫

dp′x

∫

dp′′x

∫

dp′′′x < x|px >

∫ +∞

−∞
dt

∫

dt′
∫

dt′′

∫

dp′0

∫

dp′′0e
itp′0<px|e

− 1
gM(x)

d
dx
p′0|p′x><p

′
0|t

′><p′x|x
′><x′| < t′|eis[−g

2M2(x)t2+p̂20+igλlM(x)]

|t′′ > |x′′ >< x′′|p′′x >< t′′|p′′0 >< p′′x|e
1

gM(x)
d

dx
p′′0 |p′′′x > e−itp

′′

0 < p′′′x |x >]jk. (2.26)

Since the matrix [< p′′x|e
1

gM(x)
d

dx
p′′0 |p′′′x >]jk is inside the trace and is independent of d

dx (it

depends on c-numbers p′′x and p′′′x ), we can move it to the left. We find

Fl =
1

(2π)4
trcolor[

∫ +∞

−∞
dx

∫

dx′
∫

dpx

∫

dp′x

∫

dp′′x

∫

dp′′′x e
ixpx

∫ +∞

−∞
dt

∫

dt′
∫

dt′′

∫

dp′0

∫

dp′′0e
itp′0 < p′′x|e

1
gM(x)

d
dx
p′′0 |p′′′x >< px|e

− 1
gM(x)

d
dx
p′0|p′x > e−ip

′

0t
′

e−ix
′p′x

< t′|eis[−g
2M2(x′)t2+p̂20+igλlM(x′)]|t′′ > eix

′p′′xeip
′′

0 t
′′

e−itp
′′

0 e−ixp
′′′

x ]jk. (2.27)

The matrix [< p′′x| e
1

gM(x)
d

dx
p′′0 |p′′′x >]jk is also independent of x. This can be shown as

follows

< p′′x|f(x)
d

dx
|p′′′x >=

∫

dx′
∫

dx′′
∫

dp′′′′x <p′′x|x
′><x′|f(x)|x′′><x′′|p′′′′x ><p′′′′x |

d

dx
|p′′′x >

=

∫

dx′e−ix
′(p′′x−p′′′x )f(x′)ip′′′x (2.28)

which is independent of x and d
dx . Hence all the expressions in eq. (2.27) are independent of

x except eix(px−p′′′x ). This implies that we can easily perform the x integration in eq. (2.27)

(by using
∫ +∞
−∞ dx eix(px−p′′′x ) = 2πδ(px − p′′′x )) to obtain

Fl =
1

(2π)3
trcolor[

∫

dx′
∫

dpx

∫

dp′x

∫

dp′′x

∫ +∞

−∞
dt

∫

dt′
∫

dt′′
∫

dp′0

∫

dp′′0

eitp
′

0 < p′′x|e
1

gM(x)
d

dx
p′′0 |px >< px|e

− 1
gM(x)

d
dx
p′0|p′x > e−ip

′

0t
′

e−ix
′p′x < t′|eis[−g

2M2(x′)t2+p̂20+igλlM(x′)]|t′′ > eix
′p′′xeip

′′

0 t
′′

e−itp
′′

0 ]jk. (2.29)

As advocated earlier in eq. (2.24) we must integrate over t from −∞ to +∞ in Fl. Since

< t′|eis[−g
2M2(x′)t2+p̂20+igλlM(x′)]|t′′ > is independent of t variable (it depends on t′ and t′′

variables) all the expressions in eq. (2.29) are independent of t except eit(p
′

0−p′′0 ). Hence we

can easily integrate over t (by using
∫ +∞
−∞ dt eit(p

′

0−p′′0 ) = 2πδ(p′0 − p′′0)) to obtain

Fl =
1

(2π)2
trcolor[

∫

dx′
∫

dpx

∫

dp′x

∫

dp′′x

∫

dt′
∫

dt′′
∫

dp′0

< p′′x|e
1

gM(x)
d

dx
p′0|px >< px|e

− 1
gM(x)

d
dx
p′0|p′x > e−ip

′

0t
′

e−ix
′p′x < t′|eis[−g

2M2(x′)t2+p̂20+igλlM(x′)]|t′′ > eix
′p′′xeip

′

0t
′′

]jk. (2.30)
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Since
∫

dpx|px >< px| = 1 we find from the above equation

Fl =
1

(2π)2
trcolor[

∫

dx′
∫

dp′x

∫

dt′
∫

dt′′
∫

dp′0e
−it′p′0

< t′|eis[−g
2M2(x′)t2+p̂20+igλlM(x′)]|t′′ > eit

′′p′0]jk. (2.31)

2.3 Evaluation of the color trace

As the above equation does not contain any derivative d
dx operator we can perform the

color trace by diagonalizing the space-dependent color matrix Mjk(x) by a space-dependent

orthogonal matrix Ujk(x). In the fundamental representation the matrix Mjk(x) has three

eigenvalues:

[Mjk(x)]eigenvalues = [T ajkE
a(x)]eigenvalues = (Λ1(x), Λ2(x), Λ3(x)). (2.32)

Evaluating the traces of Mjk(x), M
2
jk(x) and M3

jk(x) we find

Λ1(x) + Λ2(x) + Λ3(x) = 0,

Λ2
1(x) + Λ2

2(x) + Λ2
3(x) =

Ea(x)Ea(x)

2
,

Λ3
1(x) + Λ3

2(x) + Λ3
3(x) =

1

4
[dabcE

a(x)Eb(x)Ec(x)] (2.33)

the solution of which is given by eq. (1.2).

Using the eigenvalues of Mjk(x) from eq. (1.2) we perform the color trace in eq. (2.31)

and find

Fl =
1

(2π)2

3
∑

j=1

[

∫

dx

∫

dpx

∫

dt′
∫

dt′′
∫

dp′0e
−it′p′0

< t′|eis[−g
2Λ2

j (x)t2+p̂20+igλlΛj(x)]|t′′ > eit
′′p′0]. (2.34)

Since the eigenvalues Λj’s are c-numbers, the above equation involves one harmonic

oscillator

[

1

2
ω2(x)t2 +

1

2
p̂2
0

]

|n >=

(

n+
1

2

)

ω(x)|n > (2.35)

with space-dependent frequency ω(x). The harmonic oscillator wave function

< t|n >= ψn(t) =

(

ω(x)

π

)1/4 1

(2nn!)1/2
Hn(t

√

ω(x))e−
ω(x)

2
t2 (2.36)

with space dependent frequency ω(x) is normalized,

∫

dt| < t|n > |2 = 1, (2.37)
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where Hn is the Hermite polynomial. Inserting complete set of harmonic oscillator states

(by using
∑

n |n >< n| = 1) in eq. (2.34) we find

Fl =
1

(2π)2

3
∑

j=1

∑

n

∫

dx

∫

dpx

∫

dt′
∫

dt′′
∫

dp′0e
−it′p′0 < t′|n > e−s[gΛj(x)(2n+1)+gλlΛj(x)]

< n|t′′ > eit
′′p′0 =

1

2π

3
∑

j=1

∫

dx

∫

dpx

∫

dt | < t|n > |2 e−sgλlΛj(x)
1

2 sinh(sgΛj(x))

=
1

4π
trcolor[

∫

dx

∫

dpx
e−sgλlM(x)

sinh(sgM(x))
]jk. (2.38)

where we have used eq. (2.37). The Lorentz force equation: δjkdp
µ = gT ajkF

aµν(x)dxν , of

the quark in color space becomes (when Ea(x) is along the x-axis, eq. (2.8))

δjkdpx = gT ajkE
a(x)dt = gMjk(x)dt. (2.39)

Implementing this in eq. (2.38) we find

Fl =
1

4π

3
∑

j=1

∫

dx

∫

dt
gΛj(x)e

−sgλlΛj(x)

sinh(sgΛj(x))
. (2.40)

2.4 The generating functional

Using the above expression of Fl in eq. (2.12) we obtain

W =
i

32π3

4
∑

l=1

3
∑

j=1

∫ ∞

0

ds

s

∫

dt

∫

d3x

∫

d2pT e
−is(p2T +m2−iǫ)

[

gΛj(x)e
−sgλlΛj(x)

sinh(sgΛj(x))
−

1

s

]

(2.41)

where p2
T = p2

y + p2
z. Summing over l, by using the eigenvalues (λl) of the Dirac matrix

γ0γ1 from eq. (2.11) and integrating over pT we find

W =
1

8π2

3
∑

j=1

∫

dt

∫

d3x

∫ ∞

0

ds

s2
e−is(m

2−iǫ)
[

gΛj(x) coth(gsΛj(x)) −
1

s

]

. (2.42)

This equation is divergent as s→ 0. This ultraviolet divergence can be removed by charge

renormalization [7] by subtracting also the term linear in s in the expansion of
cosh(sgΛj(x))
sinh(sgΛj(x))

.

Hence after renormalization we obtain

W =
1

8π2

3
∑

j=1

∫

dt

∫

d3x

∫ ∞

0

ds

s2
e−is(m

2−iǫ)
[

gΛj(x) coth(gsΛj(x))−
1

3
sg2Λ2

j(x)−
1

s

]

. (2.43)

Using eq. (2.43) in (2.2) we find the following expression for the generating functional

of quark (antiquark) in the presence of arbitrary space-dependent static color potential

Aa0(x) = −
∫

dxEa(x) with arbitrary color index a=1,2,. . . 8 in SU(3),

Z[A]

Z[0]
=

∫

[dψ̄][dψ]ei
R

d4xψ̄j(x)(δjk p̂/ −gTa
jkA/

a−δjkm)ψk(x)

∫

[dψ̄][dψ]ei
R

d4xψ̄j(x)(p̂/ −m)ψj (x)
=

exp

{

i

8π2

3
∑

j=1

∫

dt

∫

d3x

∫ ∞

0

ds

s2
e−is(m

2−iǫ)
[

gΛj(x) coth(gsΛj(x))−
1

3
sg2Λ2

j (x)−
1

s

]}

(2.44)
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which reproduces eq. (1.1). The gauge invariant expressions for Λj(x)’s are given in

eq. (1.2).

3 Conclusion

To conclude we have performed the path integral for a quark (antiquark) in the presence

of arbitrary space-dependent static color potential Aa0(x)(= −
∫

dxEa(x)) with arbitrary

color index a=1,2,. . . 8. We have shown that such a path integration is possible even if one

can not solve the Dirac equation in the presence of arbitrary space-dependent potential.

In particular we have obtained an exact expression of the non-perturbative generating

functional of quark (antiquark) in the presence of arbitrary space-dependent color potential

Aa0(x)(= −
∫

dxEa(x)) with arbitrary color index a=1,2,. . . 8 in SU(3). This result crucially

depends on the validity of the shift conjecture which has not yet been established.

It may be possible to further explore this path integral technique to study non-

perturbative bound state formation, for example, by studying various non-perturbative

correlation functions.
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